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otnematropmoc o radutse araP }.}h{ k)}h{ k( ate\+}h{_k))a(g( f=))a(g(f- )}h{_k+)a(g(f elytsyalpsid\{ TH T O n. The humorous enthusiast. New York: Springer. {\displaystyle {\ come {aligned} f'(g (f (¥))) g' (f (y)) & = 1 \\ [5pt] f'(y) g' (f () = 1 \\ [Gpt] £ '(y) = {\ frac {1} {g' (f (¥))}}}. \ End {aligned}}} For example, consider the function g (x) = ex .
pp. 19 A¢ 4— "20. Assuming that y = f (u) and u = g (x), then the first derivatives are: DYDX = DYDUDUDXD 2 YDX 2 = D 2 YDU 2 (DUDX) 2 + Dydud 2 UDX 2 D 3YDX 3 =D 3 YDU 3 (DUDX) 3 + 3 D 2 YDU 2 DudxD 2 UDX 2 + Dydud 3 UDX3 D4 YDX 4 =D 4 YDU 4 (Dudx) 4 + 6 D3 YDU 3 (Dudx) 2D 2 UDX 2 + D 2 YDU 2 (4 Dudxd 3 UDX 3 + 3 (D
2 UDX 2) 2) 2) 2) + Dydud 4 UDX The derivative of F can be calculated directly, and the derivative of G ~ H can be calculated by re-applying the string rule. Another way to write the chain rule A© used when f and g are expressed in terms of their components asy = f (u) = (f1 (u) A¢ 4- |, fk (u)) and u = g (x) = (G1 (x) A¢ 4= |, gm (x). Again by
assumption, a similar function also exists for f to g (a). By doing this with the above 3, we find:, (Y 1 A¢ a- |, yk) A¢ a-, (v 1 A¢ a- |, vc) A, (U1,a-, UM)A (1A¢ a4 |, hum), xi. "The chain rule and the value theorems Mean ©dio". Declaration The simplest form of the chain rule for real p of a real variable. n (x)) fn A¢ A2 (x) = Ak =1 NFK A¢ A2 (f (k +
1. Obtained 2019/08/04. Proving the theorem requires studying the difference f (G (A + h))'f (g (a)) as h tends to zero. n) A d fn' 1 ~ fn. It has an inverse f (y) = In y. the current rule also applies to FrA A© chet derivatives in Banach spaces. {\ displaystyle {\ come {aligned} {\ frac {\ partial u} {\ partial t}} & = {\ frac} {\ partial u} {\ partial u } {\
frac {\ partial x} {\ partial t}} + {\ frac {\ partial u} {\ partial y}} {\ frac {\ partial y}} {\ partial y} {\ partial y} {\ partial y} Higher funy s derivatives 3Fa3Regular Fa®3 p Regular For example, consider g (x) = x3. See also Replacement Leibniz Integration Triple Rule Product rule Automatic differentiation, a computational m ©all that makes
heavy use of the chain rule to calculate the exact rich derivatives. There is a requirement for this to be a functor, namely that the derivative of a compound must be the 3 of derivatives. Since these arguments are not named in the 3 above, it is simpler and clearer to denote by d if {\displaystyle d_{i} f} the partial derivative of f in relation to its

argument ith, and by d if (z) {\displaystyle d_{i} f (z)} the value of that derivative in z. After regrouping the terms, the right side becomes: - 4— 4—- a — 4TM As put by George F. In the Linear 1, DA (g) A function that scales a vector by a factor of G 4= A? (A) and DG (A) (F) A fun that scales a vector a factor of f A2 (g (a)). {\ displaystyle {\ frac {\
partial y} {\ partial x {i}}} = abla y \ cdot {\ frac {\ partial \ mathbf {u}} {\ partial x }}.}}.}.}}}.} u (x, y) = x2 + 2y where x (r, t) = r sin (t) and y (r, t) = sin2 (t), determine the value of A andy / A¢ and 4— Using the string rule. This requires a term of the form f(g (a) + k) for some k. A functor There is an operation in spaces and n between them.
(2010). {\dlsplaystyle {\ begin {aligned} j {g} (a) & = {\ begin {pmatrix} g '(a) \ end {pmatr1x}} \j {f} (g (a)) & = {\ comeA§{pmatrix} f'(g (a)) \ end {pmatrix}}. \ end {aligned}}} the product of f ~ g M© the product of these 1 A- 1 matrices, so A© fA¢ 4— A —~A¢A&¢c ATM A ¢ A€ A€ A€ A€ 4€ A "as expected from the Chain rule. Thus, the

chain rule ddx (g (x) + h (x)) = (ddxg (x)) D 1 f + (ddxh (x)) D 2 f = ddxg (x) + dxh (x) . In the motto, the derivative of the composite function depends not only the DXT and the derivative of F, but also in the second derivative of f. {\ DisplayStyle {\ Frac {partial ~ {2} y} {partial x {I} \ partial x {j}}} =} {k} \ left ({\ frac {\ Partial u_ {k}}} {\ frac {\
partial ©~ {2} u_{k}} {partial x {I} \ partial x {j}}} \right) + \ Sum {K, \ ELL} \ left ({\ frac {\ partial ~ {2} y} {\u_} {k} \ partial u {\11}} {\ frac {partialu {k}}}}} {\IDIAL U {\ ELL}} {Partial X {j}} \right).} More generalizations All calculation extensions have a chain rule. {\ Displaystyle {\ frac {df {1}} {dx}} = {\ frac {df {1} {df
{2}} {\ frac {df {2} {DF_ {3}}} cdots {\ frac {df {n}}}}}}} Application competitives more than two functions The chain rule can be applied to compounds of more than two functions. {\ Displaystyle ] {F\ CIRC G} = (J_{f} {f} {g}. {g}.} This, the Jacobian of a composite function is the product of the Jacobians of the functions (evaluated at
points). In each of the above cases, the Figtor sends each space to its tangent package and sends each function to its derivative. In this situation, the rule of the chain represents The fact that the phase derivative is the compound of the derivative of f and the derivative of g.ur= 4€--,xa€€R+A¢, y, r = (2x) (sin (t)) + (2) (0) = 2 Rsin 2 A
(t), {\ Displaystyle {\ frac {\\ partial r}} = {\ frac {\ partial u} {partial x}} {\ frac {partial x} {\ partial r}} + {\ frac {partial u} {\ partial y} {\ frac {partial y} {\ partial r}} = (2x) (\ Sin (t)) + (2) = 2r\ Sin ~ {2} (t),} anda € £, t = AA¢cE x,x,t+,ud a€ t=(2x) (rosA + () + (2) (2 sin (t) (t)) = (2-r sin (£)) (R) (R) (T)) + 4 Sin (t) Cos Aa € (t) =2
(R2 +2)Sin (t) Cos Aa€ (t) = (R2 + 2) Sin (2 t). This transula can fail when one of these conditions is not true. D {2} f = u ~ {v} In u.} Follows that dddx (gx)h(x)=hx g g hxhx) Ac¢1l dddxg (x) + g (x) h (x) In 4 € G (x) dddxh (x). {\i1.} F '(G (G (x)) G' (x) = 1.} to express f 'as a function of an independent variable Y, replace f(y) f(y)
} by X wherever it appears. {\il} = 4. {\I} = 4. {\ I} Thus, the change rate of the relative positions of the car and ‘the man walking is dzdx = DZDY A¢ dydx = 2 A ¢ 4 = 8. For concreteness, consider the function = and SIN (x 2). {\il} DlsplayStyle (F\il) (C) = F (g (C)) {\ I} CDOT G' (C).} The rule is sometimes abbreviated as (F A¢ g) A€ ™2 =(F
A€ ™2A¢ g) A¢ g a € ™2. Specifically, they are: j g (a) = (g-A2 (a)),jf(a)) = (Fae€? (g (a))) Once f (0) = 0 and GA A2 (0) = 0, we must evaluate 1/0, which is undefined. The common chain rule notice is due to leibniz [2] Guillaume of L'HAf' pital used the rule of chain 1mp1101t1y in your Analyse des infiniment petits. The rule of the chain says that the
compound of these two lmear transformatlons is the lmear transformatlon of the (F A A A?) (a) and therefore is the function What escaloes a vector by fan A2 (g (a)) A A2 (a). To work around this situation, enter a function g {\\i1} as follows: q (y) = {f (y) Ac¢f (g@)y A ¢ g(a),ya€g(), Fat(g()),y=g(a). {\il} game style y=e”~{\Ix"

{du ~ {3}}}}}} \ direito) ©~ {3} +3\, {\ frac {d © {2} y} {du ~ {2}}} {\ frac {du} {dx}}} {\frac {d ©~ {2} u } {DX ~ {2}}} + {\frac {dy} {}} {\frac} {\frac {d ~ {3} u} {3} urir}t}ii} {\4pt] {\ frac\ {4} y} {dx ~ {4}}} e = {\ frac {d ©~ {4} y} {du}}}} \left ({\ frac}} {\frac}} \ direita) ~ {4} +6\, {\ frac {d ~ {3} y} {du ~ {3}}} \left ({\ frac
{du} {dx}} \direita) ~ {2} {\frac {d ~ {2} u} {dx ™~ {2}}} + {\frac {d ~ {2} y} {du ~ {2}} {{d {3} u} + 3} } } {d {3} u} + 3} }, {d {2} u} {d {2} u} {dx {3} u} {dx {3} u} } + {d {4} u} {4} u}}}}}}.\ { {aligned end}} of the chain rule begins by defining the derivative of the composite function f ~ g, where we take the limit of the
difference quotient for f ~ g as x approaches A: (f ~ g) " a) = lim x & 'AF (g (x)) "f (g (a)) x" a. { displaystyle { beech {aligned} { frac {d} {dx}} {DX ({ frac {f (x)}} {right) & = { frac { dx}} {left (f (x) {cdot { frac {1} {g (x)}} {right) & = f '(x) {cdot { frac {1} {g (x) }} + f (x) \ cdot { frac {d} {dx} \left ({ frac {1} {g (x) }} \ right). \ End {aligned}}
to compute the derivative of 1 / g (x), note that it is the composite of g with the reciprocal function, that is, the function that sends X to 1 / x. { displaystyle (f\ circect g) '(A) =\1IM _{x\a} {fract {f (g (x)) - f(g (a))} {xa}}.} Assume At the time g (x) { displaystyle g (x) \!} is not equal to g (a) { displaystyle g (a)} for any x near one. This factoring
method also allows a unified approach for stronger forms of festion, when the derivative is required to be Lipschitz-continuous, HAfqlder-continuous, etc. As for Q (g (x)), note that Q is defined where . The latter is the difference quotient for G at A, and because G is differentiable at one by assumption, its limit as X tends to one and is equal to G 42 (a).
This should be expected because (F ~ g) ~ F ~ (G ~ H). {\ Displaystyle f (G_ {1} (x), \ Points, G {K} (x)).} A € Measure that this case often occurs in the study study Functions of a unique variable, it is worth describing it separately. {\ DisplayStyle {\ frac {/\/ {1}, \1dots, y_ {k})} {Partial X _{I}}} = {{\ frac {\ partial (Y_ {1}, \ LDots, Y_{k})}
{Partial (u_ {1}, \ldots, U_{M})}} {\ frac {/ {1} (U_{1},\1dots, U_{M})} {\ Partial X { I}}}}} As the jacobin matrix entries are partial derivatives, we can s1mp11fy an example above to get: A€, (y1,A€4caaaaaaaaaaaal,yk)A¢ £ definiA§A the alternative Constantin CarathA A © differentiability of a odory Function can be used to give
an elegant rule of the chain rule [4]. In this definition, a function of it is differentiated at one point a if and only if there is a function, contain in a and such that f (x) A 4 (A) = q (x) (x & € "He mentioned it for the first time in a memories of 1676 (with an error signal in the calculation)., GK (x)) to write the Chain rule for a Form F (G1 (X) function, ... For
example, this happens near A = 0 for the continuous function g defined by g (x) = 0 for x = 0 EG (x) = X2 SIN (1 / x) Case contrary. A = FA {\ Displaystyle f {A\,.\,.\, A} =F {A}} EFA. {\ DisplayStyle {\ FRAC {D} {DY}}\Lny = {\frac {1} {e ~ {\ In y}}} = {\ frac {1} {y}} } This fan is true whenever g is differentiated and its inverse is also
differentiable. {\ Displaystyle (f (g (g (g (a)) '=Q (g (a)) R(A) =F' (g (a)) G'(a).} Asimilar approach works for continuously different (vector) functions of many variables. In this case, the above rule for Jacoblan arrays is usually writtenas: (Y1,a€a€a€a€a€a€c¢ A€a€ca€a€acatcat esYK)A ¢ The first step is to replace g (A + h) using
the definition ofgina: f(g (a + h) A A A A ¢ Chain rule of upper dimensions is a generalization of the chain rule. This shows that the limits of both factors exist and that they are equal to fA¢A2(g(a)) and gA¢A2(a) respectively. {displaystyle (f\i}'=(f\i}cdot g'.{\i} If y = f(u) and u = g(x), then this short form is written in Leibniz notationas:dydx=dy
duA¢dudx. { glat+h)-ga)=g ‘(a)h+\varepsilon (h)h.} Here the left-hand side represents the true difference between the value of g at a and at a + h, while the right-hand side represents the approximation determined by the derivative plus an error term. In this view, the chain rule says: J f A¢g(a)=]Jf(g(a) )Jg(a), {{J_{f}(g(\i}mathbf {a}
)=]_ {f}(g(\l}mathbf {a}),} or, for short, ] f A¢ g=(Jf Ag g)J g . Its inverse is f(y) = y1/3, which is not differentiable to zero. More precisely, if h = AcA€A g {displaystyle h=~f\circ g} is the function such that h (x) =f (g (x) ) {displaystyle h(x)=f(g(x))} for every x, then the chain rule is, in Lagrange's notation, h AcA€A? (x) = fA¢A€A2 ( g(x))g
A¢A€A? (x). {displaystyle {frac {d} {dx}}{left(g(x)” {h(x)}right)=h(x)g(x)" {h(x)-1}{frac {d}{dx}}gx)+g(x)"{h(x)}{In g(x){frac {d}{dx}}h(x).} General Rule The simplest way to write the chain rule in the general case is to use the total derivative, which is a linear transformation that captures all directional derivatives in a single formula. D(f)cir
g)=Df)cir Dg.} The higher dimensional chain rule can be proved using a technlque similar to the second proof given above [5] Since the total derivative is a linear transformation, the functions appearmg in the formula can be rewritten as matrices. MathWorld. Set kh = gA¢A2(a) h+ AAu(h) h and the right-hand side becomes f(g(a) + kh) Ag¢ f(g(a)). In
differential algebra, the derivative is interpreted as a morphism of differential KAAxhler modules. Recalling that u = (g1, Ac¢A!, gm), the ¢AAAu / ¢AAAxi is also a vector, and the chain rule says that: ¢AAA y ¢AAA x i = ¢AAA y ¢AAA ¢AAA u ¢AAA x i . Whenever this happens, the above expression is undefined because it involves division by zero.
Intuitive explanation Intuitively, the chain rule states that knowing the instantaneous rate of change of z relative to y and that of y relative to x allows one to calculate the instantaneous rate of change of z relative to x as the product of the two rates of change. n) (x) ) {\displaystyle f {1\,.\,.\n}'x)=f {1}"\left(f {2\,.\,.\,n}
(\right)\;f {2}\left(f {3\,.\,.\\n}(x)\right)\cdots f {n-1}"\left(f {n\.\,.\\n})\right)\;f {n}'(x)=\prod {k=1}"{n}f {k}'\left(f {(k+1\,.\,.\\n)}(x)\right)} Quotient rule See also: Quotient rule The chain rule can be used to derive some well-known differentiation rules. 98 (1): 40¢AAA44. ~ RodrAAguez, Omar HernAjAndez; LA3Apez FernAjAndez, Jorge M.

Callmg this function A‘A, we have f (g (a) + k) ¢AAA f(g(a))=f ¢AA?A (g (a))k+ AA (k) k. The two factors are Q(g(x)) and (g(x) ¢AAA g(@)) / (x ¢AAA a). For example, the quotient rule is a consequence of the chain rule and the product rule. If y = f(u) is a function of u = g(x) as above, then the second derivative of f ¢AAA g is: ¢AAA 2 y ¢cAAA
xi¢AAA xj = ¢AAA k ( ¢AAAy ¢AAA uk ¢AAA 2 uk ¢AAAxi ¢AAAxj) + ¢AAA k, ¢AAA ( ¢AAA 2 y ¢AAA u k ¢AAA u ¢AAA ¢AAA u k ¢AAA x i ¢AAA u ¢AAA ¢AAA xj) . A ring homomorphism of commutative rings fA A: R ¢AAA S determines a morphism of KAxAhler differentials DfA A: AOAR ¢AAA A©AS which sends an element dr to d(f(r)), the
exterior differential of f(r). Furthermore, f is differentiable at g(a) by assumption, so Q is continuous at g(a), by definition of the derivative. He used it to calculate the derivative of a + b z + ¢ z 2 {\displaystyle {\sqrt {a+bz+cz”~{2}}}} as the composite of the square root function and the function a + b z + c z 2 {\displaystyle a+bz+cz”~{2}\!} . Recall
that when the total derivative The partial derivative in the Ith coordinate direction is found by multiplying the Jacobian matrix by the vector with the vector. By applying the chain rule, the latter becomes the expression: fa A2 (x) A1 g((x) + f(x) A(A1g x)2-AgA¢ A2 (x)) =fA¢a-4a-4a-4a-g(x)A(x)gA¢a—~a-4a-4a-a°G (x)2, { displaystyle f A"
(x) { cdot { frac {1} {g x)}} + f(x) { cdot left (- { frac {1} {g x)}} {2}} } { cdot g '(x) right) = { frac f '(x) g (x) -f (x) g' x)} {g (x) {~"2}},} which is the usual formula for the quotient rule. These two derivatives are linear transformations RN and RM and RM a 'rk, respectively, so they can be composed. { displaystyle q (g (x)) { cdot { fract {g (x) -g
(@)} {xa}}.} whenever g (x) is not equal to g (a), this is clear because the factors of G (X) "g (a) cancel out. In the chain rule situation, this function exists because g is assumed to be differentiable to one. { displaystyle f (g (x)) = x.} and because the functions f (g (x)) { displaystyle f (g (x))} and x are equal, their derivatives must be equal. { displaystyle
f(g(a) +k)-f(g(a) =f'(g(a)) k +\ica (k) k.} The above definition imposes no restriction on A-(0) Although (k) is assumed to tend to zero as K tends to zero. It states that if g is a function that is differentiable at a point C (i.e., the derivative gA¢ a- A2 (c) exists) and f is a function that is differentiable at g (c), then the composite function f ~ g {
displaystyle f\ circimento g} is differentiable at C, and the derivative is [3] (f ~ g) (c) = F A¢a'-A¢a'-=A¢a'-A¢a'-A¢a'-A¢a'~A¢a'-A¢a'-A¢a'-A¢a'-A¢a'-A¢a'~A¢a'-A¢a'=A¢a'-A¢a'-A¢a'—A (c). { displaystyle h '= (f\ circect g)' = (f '\ circ. g) \ cdot g'.} The chain rule can also be expressed in Leibniz's notation. { displaystyle { partial frac (y {1}, \
ldots, v_{k})} { partial x_{i}} =\sum {ell=1} ~ {m} { partial frac (Y {1}, \LDots,y_{k})} { partialu { ell}} } { partial fracu _{ } More conceptually, this rule expresses the fact that a change in direction XI can change all G1 G1 GM, and any of these changes may affect f. Call your reverse function F so we have X = F (Y). ~ Spivak,
Michael (1965). n (x)) a€ ™ fn to 1 to? (Fn. When g (x) is equal to AG (A), then fag difference quotient is zero because f (g (x) ) Is equal AF (g (a)), and the above product is zero because it is equal AF AF (g (a)) sometimes zero. "A semi-ethical reflection on the rule of the chain rule" . {\ Displaystyle {\ Frac {\ D} {dx}} (g (x) h (x)) = H (x) {{\ frac {d}
{dx}}g® +g (x) \ frac {d} {dx}} H (x).} The case of the exponent (u, v) = UV {\ Displaystyle f (u, v) = u {V}} is a little more complicated, as d 1 f = vuv a «1, {\ Displaystyled_ {1} f=vu ~ {V-1},} and, as UV = EV Ln, {\ Displaystyleu ™~ {V} =e ~ {v\Inu},} d 2 f = uv In oh. {\ textstyle {\ frac {dz} {dy}} = 2.} in the same way, dydx = 4. if k,
men SA £ 1, for F A € and GA 4 € — 1, then the Jacobian matrices of F and G are 1 Af- 1. n (x)) F 2 A ¢ € 2 A2 (F 3. {\ DISPLAYSTYLE {\ FRAC {Partial (Y {1}, \LDots, Y {K})} {Partial (X_{1} {\LDots, X {N})}} {\frac {\ partial (Y_{1}, \LDots, Y _} k})}} {\ Partial (U_ {1}, \1dots, u_ {m})}} {1 Frac {\ partial (U_ {1}, \1dots, U_{M})}} {Partial
(X _{1},\LDots, X {N})}}}.} The current rule for total derivatives implies a chain rule for partial derivatives. However, it is simpler to write in the case of functions of FormF (G1 (x) A4€ ™> Gk (x). {\ DisplayStyle {\ frac {DY} {dx}} = {\ frac {dy} {du}} {\ frac {du} {dx}}.} The points where derivatives are also evaluated m can be explained
explicitly: DYDX |x=C=DYDU | U =G (C)
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